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Universite´s, UPMC Univ Paris 06, CNRS, UMR 7190 Institut Jean Le Rond d’Alembert, Paris, FranceABSTRACT Epithelial tissue, in which cells adhere tightly to each other and to the underlying substrate, is one of the four major
tissue types in adult organisms. In embryos, epithelial sheets serve as versatile substrates during the formation of developing
organs. Some aspects of epithelial morphogenesis can be adequately described using vertex models, in which the two-dimen-
sional arrangement of epithelial cells is approximated by a polygonal lattice with an energy that has contributions reflecting the
properties of individual cells and their interactions. Previous studies with such models have largely focused on dynamics
confined to two spatial dimensions and analyzed them numerically. We show how these models can be extended to account
for three-dimensional deformations and studied analytically. Starting from the extended model, we derive a continuum plate
description of cell sheets, in which the effective tissue properties, such as bending rigidity, are related explicitly to the parameters
of the vertex model. To derive the continuum plate model, we duly take into account a microscopic shift between the two sub-
lattices of the hexagonal network, which has been ignored in previous work. As an application of the continuum model, we
analyze tissue buckling by a line tension applied along a circular contour, a simplified set-up relevant to several situations in
the developmental contexts. The buckling thresholds predicted by the continuum description are in good agreement with the
results of stability calculations based on the vertex model. Our results establish a direct connection between discrete and con-
tinuum descriptions of cell sheets and can be used to probe a wide range of morphogenetic processes in epithelial tissues.INTRODUCTIONThe emergence of epithelial tissues, in which polarized cells
adhering to each other and to the extracellular matrix are
arranged in continuous sheets, was one of the key steps in
the evolution of multicellular animals. In adult organisms,
epithelia line the internal surfaces of organs, maintaining
their integrity and mediating interactions between different
compartments. During embryonic development, epithelia
serve as the starting point in the morphogenesis of tissues
and organs (1). Epithelial morphogenesis can be accompa-
nied by changes in cell numbers, because of cell division
and death. At the same time, early steps in a number of
important and well-studied morphogenetic events, including
early stages of gastrulation (2), happen at constant cell
numbers and do not involve changes in cell connectivity.
This is the class of processes considered in this article, in
which we aim to develop a coarse-grained description of
three-dimensional (3D) tissue deformations, starting from
cell-level description of an epithelium.
Recent studies of epithelial morphogenesis (3–7) provide
highly resolved kinematic descriptions that set the stage for
the development and analysis of mathematical models that
can explain and predict the observed cell and tissue deforma-Submitted November 14, 2014, and accepted for publication May 13, 2015.
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tions are the so-called vertex models, see (3,8–14), in which
the degrees of freedom are the coordinates of the vertices of
cells, modeled as planar polygons. The energy of such a
model epithelium is evaluated from contributions of terms
that account for properties of individual cells, like the pref-
erence for a target area value and their tendency to minimize
perimeter length because of cortical tension. It also includes
cell pairwise interactions, modeled as terms depending on
the length of cell-cell edges, as in e.g., (3). Of course, tissue
morphogenesis is quite varied, and a number of phenomena,
such as cell motion, have been described by models different
from vertex models, see (15) for a review. Vertex models
have been used to explain the statistics of cell shapes and
compartment boundaries in developing epithelia and provide
a clear connection between experimental data and simple
physical theories (3,12,16,17). In this study, we use the exist-
ing models as a starting point for describing out-of-plane de-
formations of epithelial sheets.
Our results can be summarized as follows. First, we show
that a 3D extension of vertexmodels requires some care in the
definition of cell area,which is straightforwardwhen cells are
planar, butmust be redefinedwhenvertices canmove in three
dimensions. To properly describe 3D deformations, we also
introduce a cell-based description of bending stresses. Sec-
ond,we use a homogenization approach to derive an effective
continuum description of an epithelium, valid on lengthhttp://dx.doi.org/10.1016/j.bpj.2015.05.019
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pointed out in previous studies by properly taking into ac-
count the non-Bravais character of the hexagonal lattice.
Motivated by a number of experimental studies, e.g., (17),
we use the homogenized model to describe epithelial buck-
ling induced by heterogeneities of cell properties. Linear sta-
bility analysis of the homogenized problem is in quantitative
agreement with the results of direct bifurcation analyses of
the extended vertexmodel that resolves individual cells, sug-
gesting that our approach can describe a wide range of phe-
nomena in developing epithelia.MATERIALS AND METHODS
The nonplanar vertex model
Originally developed to study foams (18), vertex-based geometrical models
have been employed to describe cell sheets since the early work of Honda
(8,9). In this approach (3,4,11–13,16), interfaces between cells are defined
as straight segments and each cell assumes a polygonal shape. Cell
dynamics is described in a simplified way in terms of the motion of the
polygon vertices.
Based on these previous works, we introduce a vertex model to describe
nonplanar configurations of epithelial cell sheets. We consider a smooth
surface endowed with a mesh, as described schematically in Fig. 1. More
precisely, the lattice is specified by the positions xv of its vertices, where
v is a vertex index. The length Le of an edge labeled by e is
Le ¼
xv2ðeÞ  xv1ðeÞ, where v1ðeÞ and v2ðeÞ denote the indices of the
vertices at the endpoints of the edge e. The perimeter Pf of a face f is simply
the sum of the lengths of its edges e, Pf ¼
P
e˛f Le.
Next, the energy of a nonplanar configuration of cells is defined by the
following:
Evm ¼ 1
2
X
f

Af  1
2 þ GX
e
Le þ H
2
X
f
P2f
þ B
X
e0

1 Nf1ðe0Þ ,Nf2ðe0Þ

:
(1)
The first and third term run over all faces f, the second term over all edges
e, and the last term runs over interior edges e0, i.e., edges belonging to
two adjacent faces f1ðe0Þ and f2ðe0Þ. The quantities G, H, and B are elas-
ticity parameters. The first term (area elasticity) penalizes any deviation
from the natural area A0 ¼ 1. For simplicity, we work in a set of units
such that both the target area A0 and the corresponding modulus have
the value 1. The second term captures the adhesion energy between
cells, when G<0. The coefficient G has units of energy per unit length,A B
FIGURE 1 The 3D vertex model. (A) Schematic drawing of the hexago-
nal vertex model, showing the vertices, edges, and cell faces in reference
configuration. (B) Deformation of the reference regular hexagonal configu-
ration into a nonplanar configuration, and unit outward normal vectors.or force. The third term represents cortical tension (perimeter elasticity).
The last term is a bending term to which we will return below. A simpler
description is often used with H ¼ 0 and G>0, which then represents an
effective line tension. In the following, we provide analytical results for
the general case Gs0;Hs0 and focus on the case H ¼ 0 in our
simulations.
For planar configurations of the vertices, the bending term vanishes
and the energy defined by Eq. 1 coincides with the classical, planar
vertex model (3,13). For nonplanar configurations, the area Af and the
unit normal Nf to a face f appearing in Eq. 1 can be defined in different
ways (19) that are all equivalent in the continuous limit. We use the
following definitions, which differ slightly from those used in (17) and
are more convenient. Let n be the number of vertices of the face f (n ¼ 6
for a hexagonal mesh), and ðv1ðf Þ;.; vnðf ÞÞ be the list of vertices ordered
in the counter-clockwise direction, as in Fig. 1. We first define the vector
area Af of the face f by
Af ¼ 1
2

xv1ðf Þ  xv2ðf Þ þ xv2ðf Þ  xv3ðf Þ þ/
þ xvnðf Þ  xv1ðf Þ

;
(2)
this quantity being invariant under rigid-body translations of the lattice.
Next, we define the scalar area Af and the unit normal Nf by
Af ¼
Af ; Nf ¼ Af
Af
: (3)
Observing that the flux of a constant vector field u through the face f is ex-
pressed as A ,u, we can interpret these definitions geometrically: N ¼ u isf f
the unit vector producing the maximum flux across the face, and Af is the
maximal value of the flux.
Once the area of a face is defined, the energy of a nonplanar configura-
tion of vertices can be computed. The usual first three terms on the right-
hand-side of Eq. 1 penalize bending deformations only weakly, see
Results. They produce a bending modulus for the epithelial sheet that is
entirely determined by the two-dimensional (2D) biophysical parameters
ðA0 ¼ 1;G;HÞ and that moreover depends on the somewhat arbitrary defi-
nition of the discrete area Af . Therefore, to produce a better defined
model, adaptable to diverse biological contexts, we have added the last
term in the right-hand-side of Eq. 1. It is a discrete bending energy: the
dot product is the cosine of the angle between the normals to adjacent cells
and so, for small deflections, the parenthesis grows as one half of the
square of this angle. This term tends to keep normals of adjacent cells
aligned, much like spins in the classical Heisenberg model of ferromagne-
tism (20). This bending energy has been used in previous work to model
elastic shells using triangulated surfaces (21,22), and it has been shown
to be equivalent to the usual bending energy in the continuous limit
(23). We will show in the following that a suitable choice of B allows
one to adjust the vertex model rigidity to match that of the tissue under
consideration.Contractile contour
An additional contractile contour in the epithelium is implemented in the
vertex model through the additional energy term,
EG ¼ G
X
e˛C
Le: (4)
The geometry of the lattice is defined by two integers P1 and P2 with
0<P1<P2, see Fig. 2 A: the diameter of the contour C is ð2 P1 þ 1Þ cells,
and the diameter of the entire lattice is ð2 P2 þ 1Þ cells. The number of cells
inside the contractile contour C is n1 ¼ 1þ 3 P1ðP1 þ 1Þ, and the total
number of cells is n2 ¼ 1þ 3 P2ðP2 þ 1Þ.Biophysical Journal 109(1) 154–163
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FIGURE 2 Buckling in the vertex model driven
by a contractile contour C. (A) Starting from the
reference configuration REF, here with geomet-
rical parameters ðP1;P2Þ ¼ ð3; 5Þ, a uniform
scaling a is applied until a planar equilibrium PE
is reached; then, the outer boundary is clamped,
and we track 3D equilibrium solutions F. (B1–
B3) Three equilibrium configurations with
ðG;H;BÞ ¼ ð0:254; 0; 0:0534Þ and ðP1;P2Þ ¼
ð3; 11Þ: (B1) below threshold, G ¼ 0:418; (B2)
just above the threshold, G ¼ 0:488; and (B3)
well above threshold, G ¼ 0:836. (C) Bifurca-
tion diagram displaying buckling threshold
Gc ¼ 0:468. Dotted curve is a guide to the eye.
To see this figure in color, go online.
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With the aim to investigate the effect of the contractile contour, we have im-
plemented a Cþþ code to solve the vertex model numerically: the code sol-
ves the equilibrium using Newton-Raphson iterations, by cancelling the
residual force vector on all vertices. This employs the Armijo line search
(24) featuring quadratic convergence. The code relies on the armadillo
Cþþ linear algebra library (25). It is initialized with the reference config-
uration REF, such that cells have unit area, A0 ¼ 1. For G ¼ 0 and with a
free outer boundary, the sheet shrinks to a planar flat equilibrium configu-
ration with uniform cell size (configuration PE). Next, the inhomogeneous
contractile force G is increased in small steps, with vertices lying along the
tissue boundary immobilized at the position found in configuration PE: this
yields configurations F indexed by the value of G, which can be planar or
nonplanar.Linear stability
In addition, we investigated the stability of equilibria by computing their
tangent stiffness matrix, which is the Hessian matrix of the energy with
respect to vertex position or, equivalently, minus the jacobian matrix of
the residual force. If the sign of the smallest (real) eigenvalue of this matrix
is positive, the equilibrium is stable under energy-minimizing dynamics. If
it is negative, the equilibrium is unstable. The jacobian is calculated usingBiophysical Journal 109(1) 154–163finite differences, and its smallest eigenvalue and the corresponding eigen-
vector are obtained via inverse power iterations (24). WhenG passes Gc, the
planar equilibria become unstable: we compute buckled solutions by per-
turbing the planar solution along the leading eigenvector of the stability
analysis.Homogenization of a hexagonal lattice
We propose a derivation of a continuous plate model from the vertex model.
It is based on a variant of the Cauchy-Born rule for hexagonal lattices,
which we briefly review next.
The Cauchy-Born rule (26,27) is applicable to the analysis of simple
Bravais lattice. It considers homogeneous deformations xv ¼ F,Xv, where
Xv is the reference position of the vertex v (or the atom v in a crystal), xv is
actual position, and F is an arbitrary deformation gradient. For a sheet
embedded in the Cartesian 3D space, F is a 3 2matrix. The homogeniza-
tion is carried out by calculating the energy of the lattice in terms of the in-
variants of F, and by identifying the result with an elastic energy. This
captures the energy of configurations such that the deformation gradient
varies on a length-scale much larger than the lattice parameter L0.
We consider a hexagonal lattice, which is made up of two sublattices. For
complex lattices such as this one, the Cauchy-Born rule must be extended to
allow for an independent translation of its sublattices, see for instance (26).
For the hexagonal lattice, this reads xv ¼ F,Xv5ðp=2Þ, where p is a vector
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which one of the two sublattices of the vertex v belongs to, see Fig. S1 in
the Supporting Material. Note that the vertices are not in equilibrium except
for a special value of p, usually nonzero, depending on the macroscopic
deformation gradient. The first and second gradients of the energy with
respect to p define a stress and moduli, respectively, and this is known as
inner elasticity (26). In this context, F is a macroscopic deformation
gradient and we call5ðp=2Þ the microscopic displacement. The homoge-
nization is then carried out by expressing the energy in terms of F and p,
minimizing it with respect to p (relaxation step), and identifying the relaxed
energy, now a function of F, with that of an equivalent elastic continuum.
This procedure captures the dependence of the energy on the first
gradient F, but is unable to account for bending of the sheets that depend
on curvature, i.e., on the second gradient of displacement. The Cauchy-
Born rule must be extended one more time to capture the bending energy
of a 2D lattice—this question has received considerable interest recently
for the analysis of single-walled carbon nanotubes, see for instance
(28–30). The two-sublattice structure of the hexagonal lattice is also
well-known to lie at the root of the peculiar band structure of graphene
(31). Extensions of the Cauchy-Born rule have been proposed to deal
with curvature, by means of the exponential map (32) or by pushing the
expansion of the displacement to second order (29,30).
We propose a simpler method, which is particularly suited to the analysis
of small perturbations near a planar configuration (in what follows, we
indeed relax the residual stress in the lattice by means of a uniform stretch-
ing a X, and analyze small perturbations near this configuration). All equa-
tions are systematically linearized with respect to the amplitude of the
perturbation. In this linear context, one can treat the various Fourier modes
separately. Therefore, we assume that the macroscopic position is
xmacrov ¼ a Xv þ<ðbu ei k,Xv Þ, and that the microscopic displacement reads
umicro ¼5<ððbp=2Þ ei k,Xv Þ. Here, < denotes the real part, bu and bp are
complex vectors capturing the macroscopic and microscopic perturbations,
respectively, and k is the wavevector. Note that in the linear setting, only
microscopic and macroscopic displacements corresponding to the same
wavenumber k can be coupled. Summing the two contributions, we
consider deformed configurations of the form
xv ¼ a Xv þ <
bu5 bp
2

ei k ,Xv

: (5)
Our homogenization method is carried out by considering the limit jkj/0,
combining with appropriate scaling assumptions on bu and bp, and calcu-
lating an expansion of the energy in terms of bu and bp. This is done in
the Supporting Material and summarized in the next section.RESULTS
Continuous elastic plate approximation
The vertex model provides a quantitative description of the
forces produced at the cell level in response to deformation.
For weakly deformed cells, these forces increase linearly
with the deformation. Thus, at the tissue level, one expects
the epithelium to behave like an elastic sheet when the cells
are weakly deformed (but the global deformation of the tis-
sue can nonetheless be important). Our aim is to support this
intuition by an explicit calculation and, importantly, to
quantitatively relate the sheet elastic moduli to the cell level
parameters G, H, and B. We thus analyze below the energy
changes associated with macroscopic deformations that
vary on scales large compared with the cell size, such that
the cells are weakly deformed. We proceed in two steps.We first determine the equilibrium planar configuration for
the regular epithelium that we consider, building up on pre-
vious studies (3,13) that investigated this question. We then
examine the energy costs associated with nonplanar defor-
mations of this equilibrium configuration. A simple example
of the long-wavelength approximation in a cell-modeling
context is provided by (33), where the approximation is
used in one dimension.
We restrict ourselves to an epithelium consisting of
identical, hexagonal cells (n ¼ 6). Thus, the reference ver-
tex configuration is a regular hexagonal lattice with faces
having unit area A0 ¼ 1. From planar geometry, the edge
length of this reference lattice is L0 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4=274p . The line ten-
sion (term proportional toG in the energy) and the perimeter
elasticity (proportional to H) both induce in-plane stress in
the lattice. If the lattice is not held by boundary conditions,
it relaxes this stress and assumes an equilibrium configura-
tion of minimal energy. We seek this minimal energy config-
uration as a uniformly scaled hexagonal lattice, with cells of
area a2 and edges of length ða L0Þ. In this planar equilibrium
configuration, the energy per cell reads as follows:
ePEðaÞ ¼ 1
2

1 a22 þ ﬃﬃﬃ2p ﬃﬃﬃ34p a Gþ 4 ﬃﬃﬃ3p a2 H: (6)
When the energy ePEðaÞ is at its minimum, a is a root of
e0 ðaÞ ¼ 0. Depending on the values of the parameters GPE
and H, this equation may have zero, one, or several positive
roots a. The absence of a positive root signals the absence of
an equilibrium configuration: the area elasticity term is too
weak to counterbalance the line tension and the perimeter
elasticity, and the lattice collapses (see (13) for details).
When multiple roots exist, we consider the only one that
corresponds to a minimum of Evm. To avoid solving the cu-
bic equation e0PEðaÞ ¼ 0 for a, we view a as a free parameter
and G as a dependent variable, and solve the equation for G
instead in the following:
GðaÞ ¼ a
ﬃﬃﬃ
2
pﬃﬃﬃ
34
p

1 a2  4
ﬃﬃﬃ
3
p
H
	
: (7)
Consider now a small perturbation from this planar equilib-
rium configuration PE, resulting in a final configuration
F. Because the hexagonal lattice is not a simple Bravais lat-
tice, this perturbation is the sum of a smooth macroscopic
displacement, and a rapidly oscillating microscopic
displacement, see Materials and Methods. We denote by
xv ¼ a Xv þ vXðXvÞ eX þ vYðXvÞ eY þ wðXvÞ eZ the macro-
scopic deformed position of a vertex, as obtained by aver-
aging out the oscillatory microscopic displacement. The
microscopic displacement is not included in tihs particular
equation (see the microscopic analysis below and in the
Supporting Material), but is correctly accounted for by our
effective elastic moduli. Note that the displacement
ðvX; vY ;wÞ is sought as a function of the Lagrangian variable
Xv, the vertex position in reference configuration. AsBiophysical Journal 109(1) 154–163
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we find that the energy of the lattice in the final configura-
tion F is described by an elastic plate model in the contin-
uous limit, EvmzEplate where
Eplate ¼ 1
2
ZZ 
l tr2Eþ 2mE2þ bðDwÞ2 dX dY; (8)
where E denotes the macroscopic Cauchy-Green tensor 2measuring stretching (34,35), E ¼ trðE,EÞ its invariant,
and wðX; YÞ ¼ x,eZ the lattice deflection along the Z-direc-
tion, i.e., away from the reference configuration lying
in the ðX; YÞ-plane. The Laplacian operator in the
bending term makes use of the reference coordinates,
D ¼ v2=vX2 þ v2=vY2. The components of E read, for small
deformations (the so-called Fo¨ppl-von Ka´rma´n approxi-
mation) (34,35), Eij ¼ 1=2ðvivj þ vjvjÞ þ ð1=2 aÞviwvjw,
where the last term couples planar and nonplanar displace-
ments and plays a crucial role in the analysis of buckling.
Note that the simple form of Eq. 8 reflects our assumption
of a small strain in the lattice plane.
To prove the equivalence EvmzEplate, we need only
consider a single, representative cell (in the Supporting Ma-
terial, this is the central cell). We consider a trial displace-
ment of the form given in Eq. 5, obtained by the
superposition of a uniform stretch with ratio a bringing
the lattice to a stressfree configuration PE, a smooth (macro-
sopic) displacement captured by the complex amplitude
vector bu, and an oscillatory (microscopic) displacement
captured by the complex shift vector bp. Both the macro-
scopic and microscopic displacement are modulated
harmonically with a 2D wavevector k ¼ h K, where h/0
is an expansion parameter. We show in the Supporting Ma-
terial that the energy of the vertex model is asymptotically
equivalent to that of the plate model in the long wavelength
limit, h/0. To do so, we find the optimum microscopic
displacement bp corresponding to a prescribed macroscopic
displacement bu, insert the result into the energy of the vertex
model, and we identify the relaxed energy with the contin-
uous plate energy in Eq. 8.
The identification yields the following expressions for the
stretching moduli l and m and for the bending modulus b
(see the Supporting Material):
l ¼ 1þ 2 a2 þ 2
ﬃﬃﬃ
3
p
H (9a)
m ¼ 1 1 a2 (9b)
2
ﬃﬃﬃ
3
p
1 a2b ¼
a2
Bþ
8
ﬃﬃﬃ
3
p : (9c)
These expressions for the Lame´ coefficients l and m correct
those derived by Staple (13) in the planar case (see the
Supporting Material for details). With Eqs. 9a–9c, weBiophysical Journal 109(1) 154–163have completely specified the plate model toward which
the vertex model converges in 3D. The conditions warrant-
ing that the plate energy is positive definite (material stabil-
ity) are discussed in the Supporting Material: for instance,
when H ¼ 0, stability requires 0<G<0:4136.
The limit where both G and H are small is worthy of
attention, as a is then close to 1 by Eq. 7. This brings in
two simplifications: 1) the mapping from the reference to
the equilibrium configuration is infinitesimal and so there
is no need to distinguish between these configurations;
and 2) the expressions of the moduli can be linearized
with respect to the small quantities G, H, and ð1 aÞ.
This yields the following:
Glin ¼ 2
ﬃﬃﬃ
2
pﬃﬃﬃ
34
p

ð1 aÞ  2
ﬃﬃﬃ
3
p
H
	
(10a)
 ﬃﬃﬃp 	
llin ¼ 1þ 2 3H  4ð1 aÞ (10b)
mlin ¼ 1 a (10c)ﬃﬃﬃp 1 a
blin ¼ 3Bþ
4
ﬃﬃﬃ
3
p : (10d)
In this limit, llin converges to 1 but mlin goes to zero: as a
result, the plate model tends to preserve area (this is obvious
from the discrete Eq. 1 because the area term becomes
formally dominant over the other terms that provide shear
and bending resistance). For 2D deformable bodies, Pois-
son’s ratio reads n ¼ l=ð2mþ lÞz1 2ð1 aÞ and is
indeed close to the area-preserving limit n ¼ 1 (2D incom-
pressibility). Another interesting fact is that the homoge-
nized bending modulus blin has two contributions, see Eq.
10d: the first one,
ﬃﬃﬃ
3
p
B, is independent of a but disappears
if the discrete bending term is omitted in the model (B ¼ 0);
the second term, ð1 aÞ=ð4 ﬃﬃﬃ3p Þ, which we call a residual
bending modulus, is present even if B ¼ 0. It is impossible
to bend a hexagonal mesh while preserving all edge lengths
and face areas: it is said to be geometrically rigid. The en-
ergy of the vertex model must therefore increase when the
configuration goes from planar to nonplanar, even when
no explicit bending energy is considered (i.e., even for
B ¼ 0): this gives rise to the residual bending modulus. In
real epithelia, the geometric rigidity of the mesh is likely
irrelevant and there are many other mechanisms that lead
to an effective bending rigidity, including 3D deformations
of the cells, and the stiffness of the surrounding tissues. The
role of the explicit coefficient B included in the extended
vertex model is to effectively capture all these mechanisms.
To summarize, we have shown that the extended vertex
model is equivalent to a thin plate in the long-wavelength
limit, and have identified the elastic moduli of the equivalent
plate. The case where the parameter a is close to 1 is
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and simpler expressions for the moduli have been derived.
We have identified a small residual bending rigidity having
a geometrical origin when B ¼ 0, and we have argued that
the explicit bending term that we introduced in Eq. 1 allows
for a more realistic and better controlled description of
bending in real epithelia.A test case: buckling driven by tissue
inhomogeneity
Planar vertex models have successfully been used to capture
experimental phenomenology, such as the influence of
mechanically driven cell rearrangements on epithelial cell
patterns and morphogenesis (3,4) as well as to infer epithe-
lial tissue internal stresses (6,36) and to examine their influ-
ence on cell proliferation (12). A recent study (17), which
motivated our work, has initiated the use of vertex models
for the study of nonplanar epithelium deformations. Specif-
ically, appendage formation in D. melanogaster has been
attributed to the 3D deformations of the fly egg follicle
epithelium caused by in-plane forces; simulations of a ver-
tex model featuring an inhomogeneous distribution of line
tension produced buckled shapes that compared well with
real epithelia.
In this section, we use a variant of the geometry from (17)
to test both our vertex model and our continuous plate
model. We show that the simulation results are very sensi-
tive to the value of the bending modulus B, although this
modulus has been ignored in previous work. We also
show that the continuous plate model can be used to ratio-
nalize the behavior of the vertex model: the continuous
model features buckled solutions similar to those of the
discrete model in the presence of an inhomogeneous line
tension, and yields an accurate prediction for the buckling
threshold as a function of all the parameters of the problem.
Numerical investigation
A simplified version of the geometry considered in (17) is
sketched in Fig. 2 A. A contractile contour C is embedded
inside a lattice. It represents the actin cable observed in
the experiments, which displays a high concentration of
the motor protein myosin (17). In our model, the edges
belonging to the contour are assigned a line tension
ðGþ GÞ that is larger than the line tension G of the other
edges, see Materials and Methods for details.
We carry out a numerical and analytical buckling study
based on the total energy Evm þ EG, when the inhomogene-
ity of the line tension G is progressively (and uniformly)
increased.
Given the values of the parameters ðG;H;BÞ of the
extended vertex model, we first let the lattice relax to its
planar equilibrium configuration PE, by applying a uniform
scaling a such that e0PEðaÞ ¼ 0. Next, we clamp the outer
boundaries by restraining the motion of the outer verticesin all directions. Finally, we increase G progressively and
track the equilibrium shapes of the inhomogeneous lattice
numerically using Newton–Raphson iterations. Their stabil-
ity is examined using standard eigenvalue analysis (see
Materials and Methods for details). When the inhomogene-
ity G is smaller than some threshold Gc, the equilibrium
solution remains planar, albeit nonhomogeneous: the con-
tractile contour tends to become circular, and the region in-
side the contour is compressed, see Fig. 2 B1. Beyond the
threshold value Gc, this planar solution becomes unstable,
and a pair of stable nonplanar solutions appears (Fig. 2,
B2 and C). These buckled solutions are mirror-symmetric
to each other, with respect to the clamping plane z ¼ 0.
When plotted as a function of the control parameter G, the
maximum deflection wð0Þ traces out a bifurcation diagram
that is typical of a supercritical pitchfork bifurcation, see
Fig. 2 C, and is similar to that of the well-studied Elastica,
see, e.g., (34,35). In particular, the maximum tissue deflec-
tion grows like
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G Gc
p
close to threshold.
Buckling in the plate model
The reported simulations show that inhomogeneous tissue
properties can lead to buckling, and that the extended vertex
model captures this phenomenon. We now show that a
detailed account of this buckling phenomenon is possible
based on the continuous plate model obtained earlier via
homogenization. To this end, we introduce a variant of the
buckling problem in a continuous, axisymmetric geometry,
see Fig. 3 A.
We consider the limit G;H;G 1 and az1 where
the homogenized plate model almost preserves areas, and
strains remain small. Using these assumptions, the buckling
analysis can be carried out analytically using the Fo¨ppl-von
Ka´rma´n equations for plates. The extension of the buckling
analysis to finite values of G;H;G is straightforward but re-
quires numerical integration. The problem is similar to the
budding of a domain in a membrane driven by line tension
at the domain edge that was treated using approximate
energy considerations in (37,38). The highly strained limit
where sharp localized folds appear would also be inter-
esting to study. However, this would require entirely
different techniques and it lies beyond the scope of this
study.
We define the inner and outer radii R1 and R2 for our
continuous problem by matching the areas in the reference
configurations: p R21 is matched with the number of cells
inside the contour, n1, and p R
2
2 with the total number of
cells, n2: R1 ¼ f ðP1Þ and R2 ¼ f ðP2Þ where f ðPÞ ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þ 3 PðPþ 1ÞÞ=pp and P1 and P2 are integers measuring
the radius of the contractile contour and of the outer tissue
boundary, see Fig. 2 A and Materials and Methods. Note
that f ðPÞzPþ 1=2 to within 3% for any value of P. As a
result, R1 and R2 are close to the average radii of the contour
C and of the external boundary, respectively.Biophysical Journal 109(1) 154–163
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FIGURE 3 Buckling in the continuous setting, and comparison with re-
sults of the vertex model for ðG;H;BÞ ¼ ð0:0351; 0; 0:00738Þ. (A) Equiv-
alent continuous, axisymmetric geometry; buckling of a circular plate
having a clamped outer edge, subjected to contraction along an embedded
circle (green). The buckled configuration F is represented after cutting
through the plane ðORZÞ containing the axis of symmetry. (B) Buckling
threshold as a function of the outer radius R2 with fixed inner radius
R1 ¼ 3:431. (C) Comparison of the shapes wðRÞ of the buckling modes
rescaled by the deflection w0 at the center, with ðP1;P2Þ ¼ ð8; 16Þ in
the vertex model and a ¼ R2=R1 ¼ 2 in the plate model, immediately
above the buckling threshold G ¼ 0:0217>Gc ¼ 0:0194. For the vertex
model, each data point corresponds to a simulation vertex, with r being
its distance to axis ðOzÞ and w its deflection, both measured in
buckled configuration. Because G is small and H ¼ 0, we use the linear-
ized moduli in the plate model for (B) and (C). To see this figure in color,
go online.
160 Murisic et al.In axisymmetric geometry, the displacement and strain
are functions of the radial coordinate R ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX2 þ Y2p , and
independent of the polar angle Q. We denote by
ðeRðQÞ; eQðQÞÞ the local polar basis, and we seek the
displacement in the axisymmetric form uðR;QÞ ¼
vðRÞ eRðQÞ þ wðRÞ eZ for 0<R<R2. By symmetry, the
Cauchy-Green strain writes E ¼ ER eR5eR þ EQ eQ5eQ,
where the Fo¨ppl-von Ka´rma´n expression of the principal
strain is used, ER ¼ v0ðRÞ þ w02ðRÞ=2 and EQ ¼ vðRÞ=R.
We introduce a continuous approximation of the discrete
energy of the contractile circle,
EG ¼ 2 p G R1ð1þ EQðR1ÞÞ: (11)Biophysical Journal 109(1) 154–163As in the discrete setting, see Eq. 4, the perimeter of
the deformed contractile circle, 2p R1ð1þ EQÞ, is multi-
plied by the line tension G. We solve the circular plate buck-
ling problem by minimizing the total energy Eplate þ EG,
using the linearized expressions of the moduli in Eq. 10.
We start by considering a planar solution, wðRÞ ¼ 0,
which we use as the base solution for our buckling analysis.
The complete solution of this planar, axisymmetric problem
of linear elasticity is worked out in the Supporting Material.
The stress obtained in this way is called the prestress.
Its principal values are denoted by SRðRÞ and SQðRÞ. In
the limit of 2D incompressibility that we consider here
(az1), the solution is particularly simple:
SRðRÞ ¼ SQðRÞ ¼ S tðRÞ
where tðRÞ ¼
8><
>:
1 if R<R1
 1
a2  1 if R1<R
; (12)
where a ¼ R2=R1 is a geometrical parameter, and
S ¼ ðða2  1Þ=a2ÞðG=R1Þ is a typical membrane stress.
In the limit considered, the prestress is locally isotropic,
piecewise constant, and independent of the elastic moduli.
It is compressive in the interior region R<R1 (where
SR ¼ SQ<0), which drives the buckling instability, and ten-
sile in the outer region ðSR ¼ SQ>0Þ.
We can now proceed to investigate the axisymmetric
buckling of the plate using linear stability analysis. In
axisymmetric geometry, the equation for the transverse
equilibrium of the plate obtained by variation of the energy
in Eq. 8 reads, when linearized near the prestressed config-
uration, see for instance (39,40):
blin

 1
R
dðR q0Þ
dR
þ q
R2

 S tðRÞ qðRÞ ¼ 0; (13)
where qðRÞ ¼ w0ðRÞ is the radial slope. The boundary con-
ditions are the continuity condition qð0Þ ¼ 0, and the
clamping condition qðR2Þ ¼ 0 (the clamping condition on
the outer edge arises when going from the hexagonal to
the perfectly axisymmetric geometry, see the Supporting
Material). When solutions qðRÞ exist, this indicates
that the buckling load has been reached. This stability
problem depends solely on the dimensionless geometric
parameter a ¼ R2=R1 and on the dimensionless tension
g ¼ S R21=b ¼ ðG R1=bÞðða2  1Þ=a2Þ.
We conclude that buckling occurs when g reaches a crit-
ical value that is a function of the aspect-ratio a only,
g ¼ gcðaÞ. The function gcðaÞ can be found by solving
Eq. 13 in terms of Bessel functions in the inner (R<R1)
and outer (R>R1) regions, and matching them across the
contractile circle R ¼ R1, see the Supporting Material. The
dimensionless buckling threshold varies in the range
Models of 3D Deformations in Epithelia 161gcða ¼NÞ ¼ 5:78 when clamping is applied at infinity
(R2[R1), to gcða ¼ 1Þ ¼ 14:68 when clamping is applied
immediately outside the contracting circle (R2 ¼ R1) as in
the analysis of circular delamination blisters (40). Our anal-
ysis also provides the exact solution for the budding of a
membrane domain driven by line tension considered in
(38) (the approximate analysis of (38) considered a spher-
ical cap budding from a plane and ignored the bending en-
ergy in the circular ridge; it predicted a dimensionless
buckling threshold equal to 8 and a subcritical transition,
in contrast to what we find here).
Finally, we compare the results of our buckling analysis
for the plate model with the numerical results obtained
with the extended vertex model, limiting ourselves to the
case H ¼ 0 for simplicity. Expressing blin in terms of the pa-
rameters of the vertex model by Eqs. 10d and 10a, we pre-
dict a buckling threshold G ¼ Gc, for H ¼ 0 in the
following:
Gc ¼ gcðaÞ
a2
a2  1
1
R1

G
8
ﬃﬃﬃ
2
p ﬃﬃﬃ
34
p þ
ﬃﬃﬃ
3
p
B

: (14)
Fig. 3 B displays the buckling threshold versus tissue size
R2 ¼ a R1 as predicted by this equation, together with our
numerical results for the vertex model. Despite the simplifi-
cation of a radially symmetric, continuous geometry, the
plate model closely agrees with the discrete simulation re-
sults. The buckling threshold decreases with the tissue
size R2 and quickly reaches an asymptote Gc ¼ GNc . This
decrease is because the clamp on the outer boundary hinders
the buckling, but this finite size effect quickly fades out as
a ¼ R2=R1 becomes larger than z2. We observed similar
agreement between the analytical results and the vertex
model simulations when other geometric or material param-
eters were varied. In particular, Fig. S3 demonstrates the ex-
istence of a residual modulus in the vertex model for B ¼ 0
(thus a nonzero buckling threshold Gc) and shows that the
dependence of the buckling threshold Gc on the bending
modulus B predicted by Eq. 14 is accurate. The mode shape
is predicted with excellent accuracy by the continuous plate
model as well (see Fig. 3 C). Note that we have compared
the buckling threshold and the rescaled mode shapes, but
not the buckling amplitudes: to predict the buckling ampli-
tude based on the plate model (for comparison with the data
shown in Fig. 2 C), a weakly nonlinear analysis or a
nonlinear simulation of the plate model are required. This
goes beyond the linear analysis presented in this study.
Observe that the solution shown in Fig. 2 B3 displays large
strain and large curvature; the assumptions of our linearly
elastic plate model are not justified in this deeply post-
buckled regime.
Finally, we note that an experimental test of relation
(Eq. 14) would require measuring the cable tension and
bending rigidity. Inhomogeneities in line tension can be as-
sessed by recoil after laser-cutting experiments (1). Linetension can also be quantitatively measured by dynamic tis-
sue perturbations with optical tweezer, a recently developed
technique (41). This technique also appears very appropriate
for direct measurement of the bending rigidity.DISCUSSION
In this work, we have proposed an extended vertex model
for studying nonplanar epithelial deformations, including
explicitly a discrete bending energy. We have shown that
this model reduces to the usual elastic plate description in
the limit of a long wavelength compared with the scale of
a single cell. We used a systematic method for deriving
the plate model, which can be extended to other types of
mesh and energy function.
For simple lattices, the traditional Cauchy-Born approxi-
mation assumes that the vertex displacements are given by a
linear mapping. The hexagonal network being a complex
lattice in the sense of Bravais, the Cauchy-Born approxima-
tion has been extended by introducing a shift p capturing the
relative translation of the two sublattices: the associated
microscopic displacement has alternating signs from one
vertex to its neighbors. In the context of Fourier analysis,
we have calculated the complex shift bp in terms of the com-
plex amplitude bu of the macroscopic (averaged) displace-
ment: as a result, our homogenized plate moduli correctly
take into account the microscopic oscillatory displacement,
even though there is no need to account for it in the contin-
uous plate model. A clear—although unintentional—
demonstration of the existence of this microscopic displace-
ment is given in (42), where the authors impose an affine
displacement to all vertices lying on the boundary of a 2D
rectangular patch. These conditions are incompatible with
the existence of an oscillatory microscopic displacement;
effectively, they impose p ¼ 0 along the boundary. As a
result, they obtain a nonaffine solution, which we can
describe as follows in light of our analysis: the solution
described by the generalized Cauchy-Born rule (homoge-
neous solution plus oscillatory displacement, ps0) is
reached deep in the interior of the domain and a boundary
layer builds up to connect the interior with the domain
boundary, where p ¼ 0. This boundary layer is a few cells
thick and could be described quantitatively by accounting
for the strain energy associated with the gradient of p, see
for instance (29).
We have also applied the discrete vertex model and the
continuum plate model to 3D epithelial deformations by
investigating the buckling of an epithelial sheet induced
by a contracting circle. In both descriptions, we have found
a supercritical bifurcation at a well-defined threshold, and
the plate model enabled us to capture the dependence of
the buckling threshold on the model parameters. Our anal-
ysis of buckling made use of several approximations, like
that of an axisymmetric geometry and of small deforma-
tions, whereas the numerics were performed in a hexagonalBiophysical Journal 109(1) 154–163
162 Murisic et al.geometry that produced some regions of high strain. More-
over, we ignored the fact that the clamp on the outer bound-
ary and the contractile circle both tend to force the
microscopic displacement bp toward a non-equilibrium b
value. Despite these simplifying assumptions, the plate
model was found to account quite accurately for the numer-
ical results of the vertex model. Therefore, we expect that
our work will prove useful for the analysis of buckling in
different contexts, as in the case of budding membrane do-
mains (38). Our results for a contractile circle show that
the buckling threshold quickly asymptotes to a limiting
value as the size of the outer ring is increased. Buckling in
a given region is thus localized and independent of morpho-
genetic events taking place elsewhere in the tissue. As a
result, a large tissue could be morphed into a complex shape
by the superposition of multiple buckling events in different
regions. The simplest instance of this mechanism was previ-
ously found in (17) for the formation of dorsal appendage
primordia in the Drosophila egg.We anticipate that other ex-
amples will be found, perhaps with the added complications
of cell proliferation and deformation within the patch (43).
There are different interesting avenues for future develop-
ment. One will consist in linking the phenomenological
parameters of our cell model to those of more detailed,
3D cell-based descriptions, that, for instance, capture cell
volume explicitly as in (44) or (45) (http://www.ncbi.nlm.
nih.gov/pubmed/24367079). This would allow one to inves-
tigate how tissue rigidity arises and is regulated at the cell
level. We also expect the proposed model and the demon-
stated link to continuum mechanics to be useful for the anal-
ysis of diverse biological problems where morphogenesis
relies on cell mechanics (46). In this respect, it should be
noted that the proposed vertex model can easily be modified
to include spontaneous curvature (by introducing a nonzero
rest angle between normals of neighboring cells). In this
case, we expect buckling to appear via an imperfect pitch-
fork bifurcation. This is relevant for a whole family of bio-
logical problems where cells make use of differential apico-
basal contractions, such as gastrulation (7). Finally, our re-
sults and methodology may prove interesting beyond
biology in studying the folding and self-assembly of com-
plex human-made elastic materials such as origami metama-
terials (47,48).SUPPORTING MATERIAL
SupportingMaterials andMethods, five figures, Fourier analysis, and Math-
ematica source file are available at http://www.biophysj.org/biophysj/
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